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Sufficient conditions for asymptotic stability and global attractivity of the 
origin are obtained in the case of “unbounded damping”: f(t, x, 2) > (I > 0. 
Restrictions on the unboundedness in t of f(t, x, GG) are specified for either 
attractivity or nonattractivity of the origin. Roughly speaking, if there exists a 
nondecreasing function h(t) such that f(t, x, i) < h(t) and Srn dt/h(t) = CO, the 
origin is an attractor; if f(t, x, i) > h(t) and s” dt/h(t) < 00, it is not. These 
results are compared with several ones previously obtained by other authors. 
An attractivity criterion is given for the linear equation and a sufficient attractivity 
condition is obtained for dampings not bounded away from zero: 0 < 
f(t, x, i) ‘C a. 
I. INTRODUCTION 
Many asymptotic stability criteria for the vector equation A? = X(t, x), 
require X to be bounded. It is known that the origin is not an attractor for the 
equation 2 + h(t) A + x = 0, if the damping h is unbounded and increases 
too fast. For example, LaSalle [5, p. 1011 provides the following example: 
ji + (2 + et) k + x = 0, admitting the nonvanishing solution x = a(1 A- e+). 
The equation 2 + h(t) f + Z”(t) x = 0, with unbounded h and I has been 
studied by Corne [4]. For Z(t) = 1, his results reduce to asymptotic stability of 
the origin for A(t) < 2, 0 < a < h(t). This strange condition led us to further 
study which conditions on h assure attractivity or nonattractivity of the origin 
for bounded away from zero dampings. 
Later on, we analyzed dampings vanishing when t increases and easily 
extended most proofs to the nonlinear equation 
2 +f(t, x, ke) ) 2 ja ff + g(x) = 0, 
where x is a real scalar, 01 is nonnegative, and f and g are continuous. 
We define 
G(x) = Jo* g(y) dr 
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and 
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N(t) = Jot h(7) d7, 
where h is any positive continuous function. 
2. UNBOUNDED DAMPING 
THEOREM 1. Let 
(i) g(O) = 0; Xg(x) > 0 for x f 0; 
(ii) G(x)-+o~as/x/+co; 
g(s,~;v;w~f( t, x, k) < h(t)$(x, 3i”), h, #J,# being continuous, h(t) > 0, 
(iv) V 71 > 0, jyn 4(x) dx = m(7) > 0; 
(v) j-; dt/h(t) = co, h(t) nondecreasing. Then the origin (x, a) = (0,O) 
is stable and globally attractive for Eq. (1). 
Proof. Using the energy as a Lyapunov function 
E = $9 + G(x), 
B = -f (t, x, i) j 32 p+2 .zg 0, 
we get the stability of the origin. Moreover, by (ii), any solution is bounded, i.e., 
any solution with initial conditions (x,, , k,,) satisfies / x(t)/ < M(x,, , &,) for t > 0 
(we usually consider the initial time t = 0, although none of these results 
depend on the initial time). 
Suppose now such a solution is not attracted by the origin and consider the 
two alternative cases: 
(a) The solution oscillates indefinitely without (x, 2) going to (0, 0). 
In this case, the energy remains larger than some positive E and x(t) goes endlessly 
over an interval (-y, 7) whereupon G(x) < .5/2 and 2’2 > E. At any passage, 
the energy decreases at least by 
s "f( t, x, 3i) ( k JoL k dx >, m(7) ~(l+~)‘~. -* 
This is impossible since E has to remain positive. 
(b) There is a last oscillation but (x, 5) does not go to (0,O). E being 
positive and decreasing tends to a constant. If x goes to zero, ji2 tends to some 
constant which can only be zero by the continuity of * and the existence of a 
limit for s. 
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So from some time 7 on, x’ keeps a given sign. As a similar argument would 
apply otherwise, we will suppose x positive after 7, and since it does not go to 
zero we may as well suppose x > L > 0, after 7. Keeping in mind that along any 
solution x is bounded by some M, we get the following inequalities whenever k 
is nonnegative 
2 < -g(x) < -min(g(x);L < x < M); t > 7; 
the minimum being positive by the continuity of g. 
Thus at some time T > 7, 3i has to be negative and from then on remains 
negative since it would otherwise be again zero at some further time where the 
same inequalities apply. 
So, x tends from above to some positive quantity X. Putting 
and 
R = min(g(x); X < x < M) > 0 
1 = max(+(x, &) [ L? 1”; 1 x 1 < M, 9 < ko2 + 2G(x,)), 
(2) 
we get for t > T 
and 
G?(t) < Ah(t) 2 - k 
k(t) - --k exp(-H(t)) J;t exp(ZH(u)) LEu. 
As h(t) is nondecreasing, it follows that 
k _ _ k @f(t) j-” j+) eWu) & 
h(t) T 
= _ & (1 - &‘fW-ZHW) 
and 
x(t) < x(T) - + 1; & + + ezHtT) j; exp(-;;y)) d” . 
h being positive nondecreasing, the last quantity is bounded and, by (v), x is 
unbounded, a contradiction. 
COROLLARY 1. Under hypotheses (i), (iii), (iv), and (v), the origin (x, a) = 
(0,O) is asymptotically stable for Eq. (1). 
COROLLARY 2. Let 01 = 0 and(i), (iii), ( iv , ) and (v) be satisjed with I/(X) = 
E > 0. Then, the origin (x, 3i”) = (0,O) is stable and globally attractive. 
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The proof is identitcal with that of Theorem 1, except for the way a bound M 
on j x j is found for every solution. Considering, e.g., x0 > 0, A$ > 0, we get, as 
longasx>O,i<---Efsothat 
For any T > 0, such that x(T) = 0, we get 
3i2(T)/2 < 3ih2/2 + G(x,). 
Examining the solution through (0, n(t)) at T, one easily verifies that as long as x 
does not again become zero 
1 x(t)1 < 1 z+(T)1 j: e-‘lS-=) ds. 
So there exists M(x, , *o) such that, for t > 0, 
COROLLARY 3. Let (i), (ii), (iii), and (iv) be satisfied and 2(x,, ko) be de$ned 




t e-zH(t) ezHt”) du dt = co. 
0 
COROLLARY 4. Let (i) be satisjed and 0 < E <f(t, x, 3i) < h(t), h(t) con- 
tinuous, 01 = 0 and Srn exp(--H(s)) s” exp H(u) du ds = 00. Then the origin 
(x, .a?) = (0,O) is a global attractor for Eq. (1). 
Remarks. (a) If 0 < E <f (t, x, 3i) < 4(x, ff), Theorem 1 can be obtained 
from results of LaSalle [5], Matrosov [6], or Rouche [S]. 
(b) If f (t, X, ff) is unbounded, Theorem 1 partially generalizes a result 
of Corne [4]. His condition for asymptotic stability of the origin reads h(t) < 2 
for jE + h(t) k + x = 0. 
THEOREM 2. Consider Eq. (1) with 01 = 0, and let 
(i) g(0) = 0, xg(x) 2 Ofor x # 0, 
(ii) f (t, x, 3i*) > h(t) > 0, h(t) continuous, 
(iii) Jr e+o) JieH(u) du ds < 00. 
Then the origin (x, 2) = (0,O) is not an uniform attractor. 
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Proof. It is sufficient to show there exist T and X positive such that x(t; T, 
X, 0) does not tend to zero as t goes to infinity. Now, as long as this solution 
remains positive, we get R(t) < 0 and 
where 
f > -h(t) 32 - K(X), 
It follows that 
K(X) = sup(g(x); 0 ,< x < X). 
x(t) > X - K(X) sf e-H(s) J: eH(u) du ds. 
Given X > 0, we can by (iii) choose T large enough to get x(t) > X/2. 
COROLLARY 5. Let the hypotheses of Theorem 2 be satisfied andg(x)/x have a 
bounded upper limit K at the origin. Then the origin (x, k) = (0,O) is not an 
attractor. 
Proof. It suffices to choose T independent of X such that 
COROLLARY 6. For the linear equation 
2 + h(t) 2 + kx = 0, h(t) > E > 0, k > 0, 
the origin is an attractor if and only if 
JW e-H(tJ s,’ eHtu) du dt = co. 
The proof easily follows from Corollaries 4 and 5. 
Although Theorems 1 and 2 do not cover all cases of unbounded damping 
with f(t, x, 2) > h(t) > E > 0, they are rather sharp. This becomes clear if we 
add to them Theorem 3, which, by the way, leads to some simpler criteria for 
attractivity. 
THEOREM 3. Let h(t) > E > 0, h continuous. Then the integrals 
s 
m dt/h(t) and SW e--H(t) !“” P(u) & dt 
converge oq diverge simultaneously if one of the following conditions holds 
(a) l/h(t) is of bounded variation (in particular if h(t) is monotonic), 
(b) h(t) is di&entiable and -1 < -7 < h(t)/h2(t) < K. 
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Proof. Put 
Then 
L(t) =e-H(t) jo  &f(u) d .
Jqt)/h(t) = --L(t) + (l/f@)). (3) 
We first show that jr (i(t)/h(t)) dt < co in case (a). Indeed 
.r “i(u) du 0 44 
As L(t) is bounded and l/h(t) is of bounded variation, the last integral exists in 
the sense of Riemann-Stieltjes and is bounded. L(t)/h(t) being also bounded, the 
same holds for JiL(u)/h(u) du. So, by (3), the integrals siL(u) du and ji l/h(u) du 
are bounded or unbounded simultaneously. Since L and h are nonnegative they 
converge if bounded, and diverge otherwise. 
In case (b), we get 
s t 44 t L(u) ---JtL(u)du=jo hodu o 44 o 
~-. L(t) + --- 
h(t) s o 
t L(u) % du 
and 
s t du L(t) __-~ = o 44 1 t (1 + ir(u)/h2(u)) L(u) du. h(t) o 
L(t)/h(t) being bounded and 1 -1 h(u)/hz(u) being bounded by the positive 
quantities 1 - 7 and 1 + K, and L and h also being positive all of the above 
integrals converge simultaneously which concludes the proof. 
COROLLARY 7. Consider the equation i + h(t) & + x = 0, with h(t) continuous 
and let a(t) > c > 0 be a continuous function such that l/a(t) is of bounded varia- 
tion (e.g., a(t) monotonic). Then, if c < h(t) <a(t) and J-” l/a(t) dt = co, the 
origin is a gZobaE attractor; if h(t) > a(t) and Jrn dt/a(t) < co, the origin is not 
attractive. 
This easily follows from Corollary 6 and Theorem 3. Consider now the 
linear equation 
5 + h(t) k + Z2(t) x = 0, (4) 
where h(t) is continuous, Z(t) > 0, Z(t) exists, and s” Z(t) dt = CO. 
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THEOREM 4. Suppose h(t)/z(t) + i(t)/Z”(t) > E > 0. Then the axis x = 0 is or 
is not an attractor for (4) depending on 
/I ecHft) J‘x P(u) eH(u) du dt 
being unbounded OY bounded. 
Proof. The change of time variable 
transforms (4) into 
s 
t 
T(t) = Z(t) dt 
0 
xn + I#) x’ + x = 0, (5) 
where .’ = d.,/dr, $(T(t)) = h(t)/Z(t) + i(t)/Z”(t). 
By Corollary 6, the origin is an attractor for (5) or not, depending on the 
integral occurring in this theorem being unbounded. If Z(t) is unbounded, this 
means that there is only partial attractivity in x for (4) since x’(T(t)) = k(t)/Z(t) 
can go to zero without g(t) doing so. 
COROLLARY 8. Let F(t) be a monotonic function. Then, ;f 0 < E < h(t)/Z(t) + 
i(t)/Z”(t) <F(t) and Jrn Z(t)/F(t) dt = co, the axis x = 0 is an attractor for Eq. (4). 
On the other hand, if h(t)/Z(t) + !(t)/Z”(t) > F(t) > 0 and Jm Z(t)/F(t) dt < 00, it 
is not. 
To prove it, write (4) in form (5) and apply Corollary 7 remarking that 
j-a d+(t(r)) = j-w Z(t)/F(t) dt. 
Comparison can be made with results of Salvadori [9], Corne [4], Artstein and 
Infante [I]. 
In his example, Salvadori [9, p. 3241 considers a mechanical system with n 
degrees of freedom which for n = 1 reduces to (4) with h(t) = h > 0. He shows 
that if Z(t) > 0, i(t) > 0, i(t)/Z”(t) b ounded, then lim(x(t), k(t)/Z(t)) = (0, 0). 
His theorem also holds for Eq. (4) with a variable h(t), provided one replaces his 
hypotheses by 
h(t)/Z(t) + 2i(t)/Z2(t) bounded, 
0 -c E < h(t) + i(t)/+), E < Z(t). 
The hypotheses of Salvadori are not met for h(t) > E, h(t) unbounded, Z(t) 
bounded, i(t) > 0, while Theorem 4 permits a check on the attractivity of the 
origin. On the other hand, for bounded h(t) and unbounded Z(t), Salvadori’s 
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hypotheses are weaker than those of Theorem 4. One can say that Salvadori’s 
result is more useful for unbounded attractive forces while Theorem 4 is more 
powerful for unbounded dampings. 
Theorem 4 is also independent of Corne’s result [4] (see the Introduction). 
Indeed, by Corollary 8 or 7, the origin is stable for the equation 
jE + t log tf + x = 0, where Corne’s hypotheses are not satisfied. On the other 
hand Corne’s theorem applies to the equation 2 + 2 + tx = 0 while our 
results do not. 
In their paper [I], Artstein and Infante show that the origin is stable for 
3 + h(t) 2 + kx = 0, k > 0, h(t) > c > 0, if fl h(t) dtlT2 is bounded for all 
T > 1 > 0. We easily see that Corollary 7 does not follow from this nice result 
by taking, e.g., h(t) = t log t. On the other hand, one can easily choose h(t) such 
that 1; h(t) dt/T2 is bounded for all T > 1, while Corollary 7 does not apply. 
3. SMALL DAMPING 
THEOREM 5. Under the followiq hypotheses 
(i) g(0) = 0, xg(x) > 0 fey x # 0, 
(ii) G(x)+co as lx/+co, 
(iii) 0 < u(t) < f(t, x, A?) < 4(x, k), a and C$ continuozls, u(t) nonincreasing, 
(iv) jrn u(t) dt = CO 
the origin (x, $) = (0, 0) is a global attractor for (1). 
Proof. Suppose there exists a (x0 , k,,) such that the corresponding solution 
(x(t), s(t)) does not tend to (0,O) as t tends to co. Then the energy 
E = g2/2 + G(x), 
B = -f(t, x, 3i”) / k 12+e 
being decreasing, there would exist a positive E such that for any positive t 
ma4 x(t)1 , I k(t)l) > 6 (7) 
Then (ii) and (6) imply the boundedness of any solution. So there exists 
R = R(x, , z?,,) such that for any positive t 
mdl 44 , I *(t)l) < R. (8) 
By the continuity of 4 in (iii), there thus exists an M = M(xa , 9s) such that 
u(t) / k p <.f(t, x, n) I it p < M. 
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This ensures that the solution oscillates, each oscillation being completed in 
some finite time. 
After showing this, we will complete the argument by remarking that, due to 
the monotonicity of a and (iv), the energy decreases by an unbounded quantity, 
an absurd conclusion in view of the nonnegativity of E. 
To prove any oscillation is completed in some fixed time depending at most 
on the initial conditions and c, it suffices to show that any time interval on which 
2 keeps a given sign has at most some given length and it suffices to remark that 
since we are not dealing with the trivial solution (x, 2) = (0, 0), R is zero only at 
isolated times (by (1)) and x changes sign between successive zeros of 2. 
So let us consider a time interval J on which 2 > 0. 
On part of this interval 1 x(t)1 < E, and, by (7) k.(t) > E so that this part is 
covered in a time shorter than T(1) = 2R/c. 
On some other part, we have -R .< x(t) < --E. Putting 
h = min( j g(x)1 : E < 1 x / < R) > 0 
and 7 such that a?(~) = 0, we get 
2 = -f(t, x, k) j k la ~2 - g(x) 3 -&!I* + b, 
2 > (b/M) (1 - e”(T-t)), 
x(t) 3 -R + b(t - .)/M - b/IF. 
Since x < --E here, this part of J is shorter than 
T(2) = M(R - c)/b + l/M. 
On the last part of J, we have E < x(t) < R, so that .? < -b and by (7) and 
.+ 3 0, the length of this part of J is less than T(3) = R/b. 
A similar argument applies for i < 0. 
So & keeps a given sign along the solution for time intervals J shorter than 
some T = T(1) + T(2) + T(3), depending on E and, through R, on the initial 
conditions. 
Now, on any time interval on which 2 keeps a given sign, one gets by (7), 
12 j 2 E whenever 1 x 1 < E and by (8) / 2 1 3 E for a time longer than 2e/R. 
During this time, one has 
so that the energy decreases at least by 2Ac 3+a/R = KA, where A is the average 
value of a on this time interval. Number by n those intervals J(n) on which 3i 
does not change signs and which are all of length less than T. Due to the non- 
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increasingness of a, the energy decreases on J(n) more than Ka(nT). The energy 
thus decreases by an unbounded amount 
KEz(nT) 2 K 
s 
m a(t) dt/ T. 
COROLLARY 9. Let the hypotheses (i), ( iii , and (iv) of Theorem 5 be satisjied, ) 
a = 0 and 
Then the origin (x, k) := (0, 0) is a global attractor for (I). 
Proof. As in Corollary 2, one first shows that any solution is bounded. 
Thereafter the proof is similar to that of Theorem 5. 
COROLLARY 10. Let the hypotheses (i), ( iii , and (iv) of Theorem 5 be satis$ed. ) 
Then the origin (x, c?) = (0,O) is an attractor for (1). 
Theorem 5 is rather sharp as becomes clear in: 




u(t) dt = M < co. 
0 
Then, the origin (x, 9) =: (0,O) is not an attractor for (1). 
Proof. Consider an arbitrary point (x,, , &,) # (0,O). Then 
Thus 
B > -a(t) / k(t)la-+2 >, -a(t) (2E)1+CL/2. 
s - B(t) dt,!(2E)l+=‘d 3 --M ” 
and consequently, E(t) has a nonzero limit as t goes to co. 
For the linear equation 
f + Z”(t) x = 0, (9) 
Theorem 5 has the following corollary: 
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COROLLARY 11. Suppose 
(i) Z(t) > 0, i(t) > 0; 
(ii) i( t)/Z”( t) bounded; 
(iii) i(t)/Z”(t) > a(t) > 0, a(t) nonincreas~ng, 
s Cc a(t) Z(t) dt = co; 
then, for any sozution of(9), x(t) + 0 as t + co. 
Proof. Make the time transformation used in Theorem 4 and apply Theo- 
rem 5. 
Let us now compare Corollary 11 with classical results obtained for (9). 
We first observe that Corollary 11 does not involve a “regular growth” 
condition on Z(t), as do many classical results. A good bibliography of such 
results is given in Cesari [3]. We also remark that it is independent from a 
criterion due to Sansone, mentioned by Cesari [7, p. 861, involving Z(t) > A > 0, 
s” &/Z(t) = co. This becomes clear if we choose, e.g., Z(t) = t1i2 or Z(t) = t2. 
On the other hand, the last two conditions imply (iii). 
Finally, Corollary 11 slightly improves a result of Burton and Grimmer 
assuming (iii)’ instead of (iii). 
(iii)’ i(t)/Z(t) 3 4(t) > 0; i/~(t) nonincreasing, 
s a 4(t) dt = CO. 
This is shown in detail by an example in Peiffer and Ballieu [7]. The function 
Z(t) considered is defined as follows: 
Z(1) == 1, Z(t) continuous, 
@/Z(t) = l/t2 for t E [2, 31 and (2n - 1,2n) 
= K2n fortE[2n,2n+ 11, n> 1, 
K,, being the largest root of elm = 2nx. 
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